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SCATTERING THEORY FOR SEMILINEAR WAVE EQUATIONS
WITH SMALL DATA IN TWO SPACE DIMENSIONS

KIMITOSHI TSUTAYA

Abstract. We study scattering theory for the semilinear wave equation utt -

Au = \u\p~lu in two space dimensions. We show that if p > po = (3+VT7)/2,

the scattering operator exists for smooth and small data. The lower bound po

of p is considered to be optimal (see Glassey [6, 7], Schaeffer [18]). Our result

is an extension of the results by Strauss [19], Klainerman [10], and Mochizuki

and Motai [14, 15]. The construction of the scattering operator for small data

does not follow directly from the proofs in [7, 13, 20 and 22] concerning the

global existence of solutions for the Cauchy problem of the above equation with

small initial data given at t = 0 in two space dimensions, because we have to

consider the integral equation with unbounded integral region associated to the

above equation:

s      !    f     Í (\u\"~lu)(y,s)      ,   .
u(x,t) = u0(x,t) + — / Vl >Ky J=dyds,

2n J-ooJ^-y^t-s sj{t-s)2-\x-y\2

for t e R, where u^(x, t) is a solution of uu - Au = 0 which u(x, t)

approaches asymptotically as t —► -oo . The proof of the basic estimate for

the above integral equation is more difficult and complicated than that for the

Cauchy problem of Uu — Au = \u\p~iu in two space dimensions.

1. Introduction

We consider a scattering problem for the semilinear wave equation

(1.1) utt-Au = Fiu),        {x,t)eRnxR,

where F(w) = X\u\p or X\u\p~xu, X e R, p > 1, and n = 2.
We compare the asymptotic behavior as t -> ±oo of solution of (1.1) with

those of suitable solutions of the Cauchy problem for the free wave equation

(1.2) utl-Au = 0,        ix,t)eRn x R,

in the sense of energy norm.

Among many theorems on the construction of the scattering operator for
(1.1), we mention a remarkable result of Pécher [16] which has improved pre-

vious results by Strauss [19], Klainerman [10], and Mochizuki and Motai [14,

15].
Pécher has shown that in three space dimensions (« = 3), the scattering oper-

ator for ( 1.1 ) exists for regular and small data if p > 1 + y/2. This lower bound
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of p is optimal, since John [8] showed that there exist global C2-solutions to

the Cauchy problem for the equation utt -Au = \u\p with smooth and small

data of compact support if p > 1 + V2, and it was also shown by John [8, 9]

and Schaeffer [18] that the solution blows up in finite time for small data of

compact support if 1 < p < 1 + V2 .
In two space dimensions, Strauss [19] proved that the scattering operator

exists if p > 2 + \/5, provided the smooth data are small. This result was

improved to p > 2 + y/3 by Klainerman [10] and Mochizuki and Motai [14,

15]. However, these results are not sharp, since Glassey [7] proved that the

Cauchy problem for utt-Au = \u\p has global C2-solutions if p > (3 + v/T7)/2,
provided the smooth data of compact support are small, and moreover it was

shown by Glassey [6] and Schaeffer [18] that if 1 < p < (3 + VT7)/2, global
solutions do not exist, provided the data of compact support satisfy a certain

condition.

Our aim of this paper is to prove that if p > (3 + v/Î7)/2, the scattering

operator exists for smooth and small data in two space dimensions.

We note that in the global existence theorems by John and Glassey, the data

are compactly supported. Since we solve the Cauchy problem for (1.1) with the

data given at t = -co, the assumption of the compactly supported data is not

natural. In this connection, we briefly state the previous results concerning the

Cauchy problem

utt-Au = \u\p,        ix,t)eRnxiO,oo),

uix,0) = fix),    ut(x, 0) = g{x),       xeR" (« = 2,3),

with small data of noncompact support.

Asakura [2], Kubota [13], and the author [20, 21, 22] have shown that global
solutions exist for small data fix) e C3(jR") , gix) e C2iRn) satisfying

Daxfix),DPgix) = Oi\x\-l-k)    as|x|->oo,   |a|<3,  \ß\<2,

if k > 2/ip - 1), p > 1 + \Í2 for n = 3 , and p > (3 + v/l7)/2 for « = 2. The
result due to Pécher [ 16] also corresponds to the removal of compact support

assumption for initial data in three space dimensions.

In contrast to this existence theorem, Asakura [2], Agemi and Takamura [1],

and the author [20] have proved that if the data satisfy

fix) = 0,        Six)>{l+"x]y+k,        e>0,

and 0 < k < 2/ip - 1), then the solution blows up in finite time even with

in = 3),
P > .

in = 2).

The construction of the scattering operator for small data is almost equiva-
lent to the construction of the global solution for the Cauchy problem of ( 1.1 )

with small initial data given at t = 0 in the case of three space dimensions,

but the construction of the scattering operator for small data does not follow

directly from the proof of global existence of solutions for the Cauchy prob-

lem of (1.1) with small initial data given at / = 0 in the case of two space
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dimensions, because we have to consider the integral equation with unbounded

integral region associated to (1.1):

1    ('    Í F(u(y,s)) .    ,
uix,t) = u0(x,t) + —        / Y'  "==dyds,

(1.4) 2% J_^ J\x-y\<t-s y/(t - s)2 -\x- y\2

for t e R,

where u^ix, t) is a solution of (1.2) which w(;c, t) approaches asymptotically

as t —► -oo. The integral of the right-hand side consists of the integral on

(-co, 0] and the integral on [0, t] for t > 0 or [t, 0] for / < 0. The integral

on [0, /], t > 0, or on [t, 0], t < 0, is the same as the integral appearing in
the Cauchy problem of (1.1) at t = 0. In the case of three space dimensions, the

evaluation of the integral on (-00, 0] is quite the same as that of the integral

on [0, t], t > 0, or [t, 0], t < 0. But in the case of two space dimensions,

we cannot evaluate the integral on (-00, 0] in the same way as the integral on

[0, t], t > 0, or [t, 0], / < 0, due to the speciality of two space dimensions.

We have to split the integral region into several parts and to make proper use

of all the estimates (4.7a)-(4.8b) in §4 for the integral kernel in each part of

the integral region. Such a procedure is not needed in three space dimensions.

For the Cauchy problem at t = 0 in two space dimensions, (4.7b) and (4.8b)

are sufficient and so we do not have to use (4.7a) and (4.8a) (see [13, 20, 22]).

Accordingly, the proof of the basic estimate (see Lemma 4.1) for (1.4) is more

difficult and complicated than that for the Cauchy problem of ( 1.3) in two space

dimensions.

For the case of large data, we refer to the results by Ginibre and Velo [3, 4,

5].

2. Assumptions and theorem

We study the scattering problem for the semilinear wave equation of the form

(2.1) utt-Au = Fiu),        ix,t)eR2xR.

We make the following hypothesis.

(HI) Fiu) e C2iR) and there exist p > (3 + v/T7)/2, X > 0, such that

\F(J\u)\<X\u\p-J   for \u\<l, 7 = 0,1,2,

\F"{u) - F"iv)\ < X\(f>\p-3\u - v\   for \u\, |v| < 1, 4> = max{|w|, |u|}.

Let Mq (x, t) be the C2-solution of the Cauchy problem

(2.2) utt-Au = 0,        ix,t)eR2xR,

(2.3) uix,0) = fix),    u,(x, 0) = g(x),       xgR2.

The hypothesis concerning the data is the following

(H2)/(jc) e C\R2), g{x) e C2iR2) satisfy

£ |P£/(*)I + S IPk(*)l <; n + L)M
l«l<3 \ß\<2 u+i*u

with k > 0, where e is a small parameter.

Remark 2.1. (H2) implies f(x) € H2iR2) and g(x) G Hl(R2).
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We solve the integral equation

uix,t) = u0~ix,t) + — / -=
(2.4) ¿TI  J-oc J\x-y\<t-s   yJH

in the space Xk , k > 2/(p - 1), where

(2.5)       Xk = {uix, t) : Daxuix, t) G CiR2 x R) for |a| < 2,  \\u\\Xk < oo},

(2.6)

(2.7)

\a\<2

l"ll* =  <

(1+|Í|   +   |X|)1/2(1   +   ||Í|-|X||)'".        . .. ,. ,v

ln(2 + 1\t\ - |x|

1 + \t\ + \x\
supíl + líl + W)1/2   1+ln
X£R2 V 1+lK
teR

sup(l + |i| + |x|)fc|w(x, 01        (0<k<±)
xeR2
teR

\u{x, t)\       (k = %) ,

and

We put

m = min(l/2, (p - 3)/2, k - 1/2).

||M(/)||, = {||Dx«(0lliw + ||o<M(0lliw}1/2.

Our goal is to prove the following

Theorem 2.2. Assume hypotheses (HI) and (H2).
ii) If k > 2Up - 1) and e is sufficiently small, depending on X, p, and k,

then there exists a unique C2-solution u(x, t) of the integral equation (2.4) such

that

(2.8) ll«(i)-«0(011« <C/(l + |/|)'-0       (i-»-oo),

where C is a constant depending on X, p, k, and

(2.9) / =
(

m ik>\),

k        (0<&<±).

(ii) Moreover, there exists a unique C2-solution mJ(x, t) o/(2.2) such that

for the solution uix, t) of (2.4) given by part (i),

(2.10) \\u(t)-u+(t)\\e<C/(l + \t\)l^0      (t^+oo).

Thus, we can define the scattering operator

S : («ô(0), ôt«ô(0)) - «(0), 3,«¿(0))

for equation (2.1).

Remark 2.3. The solution uix, t) of (2.4) given by Theorem 2.2 is a solution

of (2.1) (see [2, 7, 8, 16]).
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Corollary 2.4. The well-known energy equality holds:

599

(2.11)      \\\u(t)\\2e + I^G(u(t))dx=l-\\u^(0)\\2e=l^(0)\\l

- f F(s
Jo

t£R,

where

(2.12) G(u) (s) ds.

The paper is organized as follows. In §3, we describe the decay estimates for

the linear problem which was derived in [13, 22]. In §4, we prove the basic

estimate for the existence proof, following Kovalyov [11, 12] and Asakura [2].

Finally, Theorem 2.2 and Corollary 2.4 will be proved in §5.
We denote a constant in the estimate by C, which will change from step to

step.

3. Decay estimate

Consider the Cauchy problem (2.2) and (2.3) for t > 0 under the hypothesis

(H2).
The following lemma is proved in [22] (see also [13]).

Lemma 3.1. Let f(x),g(x) satisfy (H2).   Then, the solution u of (2.2) and

(2.3) for t > 0 satisfies

Cke

(3.1)    E|d;m(x,0I<4
M<2

y/(l+t + a)(l + \t-a\)

Qeln(2 + |f-q|)

y/(l + t + a)(l + \t-a\)

Qe_

v/1 + t + a(l + |/-a|)*-'/2

Ge

VT+7+ä
Cke

1+ln
1 + t + a

l + |r-a|

(k>l),

(k=l),

\<k< 1),

(k = \),

(0<k<\),
{ (l + t + a)k

where a = \x\, and a constant Q depends only on k.

Remark 3.2. The same estimate holds for all teR by replacing / by \t

4. The basic estimate

We consider the integral equation

1    ['     Í F(u{y,s))
u(x,t) = Uo-(x,t) + — / -j=

• 1) 2n J_ocJlx_yl<t_s J(t(4.1)

We define

dyds,
s)2-\x-y\2

for / G R.

(4.2) LF(u)(x,t) = ̂ l'^J
F(u(y,s))

dyds.
\x-y\<t-s y/(t-s)2-\x-y\2

The following lemma is the basic estimate for the existence proof.
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Lemma 4.1. Assume that u(x, t) G C(R2 x R) satisfies

Afln(2 + ||i|-a|)
(4.3) \u(x, t)\ <

V/l + |í|+a(l + ||í|-a|)m'

where a — \x\, m = min(l/2, (p - 3)/2, k - 1/2), and k > 1/2.
Let k > 2/(p - 1) and p > (3 + vT7)/2. Then, there exists a constant Cp^

depending only on p and k, not on M such that

(4.4) \L\u\»(x,t)\<

Proof. From (4.1),

L\u\pix,t)<±-f    [
2n J_00 Jw_

Cp>JfcAf^ ln(2 + | |g| — a|

y/\ + \t\+ü(l + ||í|-67|

1

■y\<t-s y/(t-S)2- \X-y\2

M*(ln(2-r||s|-M¡))p

(l + \s\ + \y\)p/2(l + \\s\-\y\\)pm

< CMp [    [ -j=
J-oc J\x-y\<t-s v(í

dyds

V(t-s)2-\x-yf
1

T? dy ds,
(1 + |i| + |y|)^/2(l +11*|-|y| !)"""•'

where e' is a small positive constant to be determined later and C depends on

e'.

Switching the last estimate to polar coordinates, we have

L\u\pix,t) = L\u\pia,e,t)
¡•t      i-a+t-s

CMP
' -t+s   (l + |*| + ry/2(l + ||s|-r|)i"«-«'

r* l
IIJt-a Ja

-0 JUo y/(t - s)2 - a2 - r2 + 2arcos y/

t—a    ft+a-s

dy/drds

(4.5)

/i-a    fi+a-s

■oo Jt-a-s  (l + \s\ + r)P/2(l + \\s\-r\
r<P

J-o \fiT

¡pm—e'

-o y/(t - s)2 - a2 - r2 + 2arcos y/

/t—a   ft—a—s

/
-oo   Jo

dy/drds

Í
(l + \s\ + r)p/2(l + \\s\-r\)pm-e'

1
dy/drds,

y/(t - s)2 - a2 - r2 + 2arcos y/

where  <p = arccos((a2 + r2 - (t - s)2)/2ar),  x = (acoso, a sino),  y =
(rcos(ö + y/), rún(9 + y/)) (see Kovalyov [11, 12]).

We define

(4.6)

dy/      if
(   rfr<P

Kit,a,r) = l  J~;

,  J—n

y/t2 - a2 - r2 + 2arcos y/

_1_
\Jt2 - a2 - r2 + 2arcos yi

a2 + r2 -12

dy/   if

2ar

a2 + r2- t2

2ar

< 1

>1,
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where

(p = arceos
a2 + r2 - t2

2ar
We use the following lemma which is proved in [11, 12] (see also [22]).

Lemma 4.2. (i) // t > a + r and |(a2 + r2 - t2)/2ar\ > 1, then

Cln[2 + ar/it2-ia + r)2)]
(4.7a)

(4.7b)

K(t,a,r)<

<

V72 - a2 - r2

C

y/t2 -(a + r)2 '

(ii) If t <a + r and \(a2 + r2 - t2)/2ar\ < 1, then

C
In

ar
2 +

arx(t-a)

[a + r)2 - t2

C

(4.8a) K(t,a,r)<

(4.8b) <
y/ia + r)2 - t2

where x is the characteristic function of positive numbers.

From (4.5) and (4.6), we have

Kit -s, a, r)r
L\u\pix,t)<CMp [

Jd1

+ CMpIJd"

1 + r + \s\)pl2i\ + \r-\s\\)pm-*

Kit - s, a, r)r

il+ r + \s\)p I2 il+ \r-\s\\)pm-e'

= 1 + 11,

where the domains D' and D" denote the sets

D' = {is, r) : \s + a - t\ < r < -s + t + a,  -oo < s < t}

D" = {(s, r) : 0 < r < -s + t - a,  -oo < s < t - a}

(see [11, 12]).
By (4.8a) of Lemma 4.2,

CM"  f   y/rln[2 + arx(t-s-a)/((a + r)2-(t-s)2)]

Tdrds

drds

I<
y/ä L drds.

Since

2 +
(a + r + t - s)(a + r - t + s

(l-r-r+|s|)W2(l + |r-|s||)P'"-e'

(2 + r)(l +-l--) ,
' V      a + r-t + s)

V      a+r-t+s)
In   1 + <

y/a + r - t + s'

we obtain

(4.9)

(4.10)

r cmp

i<

yß

CMp

Vd

JD>(l+r
ln(2 + r) + l/y/a + r-t + s

-drds
+ \s\)(P-W(l + \r-\s\\)pm-':'

(t-s-a>0),

1

¡D'i^+r
-drds

+ |S|)(p-l)/2(l + |/--|i||)pm-£'

(t-s-a<0),
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or by (4.8b),

(4.11)
t      f                                                 CMp .   .
I< /      ,-drds.

Jd' y/(a + r + t- s)(a + r - t + s)(l + r + |j|)*/2-i(i + |r _ \s\ \y>m-*<

Using (4.7a) of Lemma 4.2,

U<CMPI rln[2 + ar/((t-s)2-(a + r)2)]_drds_
[   _

JD" y/V1'.y/(t - s)2 - a2 - r2(l + r + |5|)W2(1 + |r _ |s| \y>m-e>

Note that

ar x {, 1
2 + -- < (2 + r)   1 +

(t - s + a + r)(t -s - a - r) \      t-s

ln|l +-!-)■ '
t-s-a-r )      y/t-s-a-r

\Jit-s)2-a2-r2 > y/2a(t-s-a)

since r < t - s - a . Then, we obtain

v      ' -   y/a  JD„ il+r + \s\)(p-lV2il + \r-\s\\)pm-e'

or by (4.7b),

(4.13)

ll< / =-drds.
JD-y/it-s+a+^it-s-a-^il+r+ls^f^-^il + lr-lslDf""-6'

Now, we shall estimate I and II by dividing into four cases.

Case 1.  |/| >a and t > 0.
Introducing the following change of variables

(4.14) a = r + s,        ß = r-s,

the domains of integration D' and D" go to D\ U D'2 and D'( U D'{ U D'{ U Z);'
respectively, where D'¡   (i = 1, 2) and D'j   (j = 1, 2, 3, 4) denote the sets

£>', = {(Q, ß) : ; - a < a < t + a,  a - t < ß < a} ,

D'2 = {(a, ß):t-a<a<t + a, a < ß},

D" = {(a, ß) : 0 < a < t - a,  -a < ß < a} ,

D'{ = {(a,ß):0<ß<t-a, -ß<a<ß},

D'¡ = {(a, ß):a-t<a<t-a, t - a < ß},

D'l = {(a,ß):a<a-t,  -a < ß} .

These sets are pictured in Figure 1.
Note that D\, D'( corresponds to D' n {(s, r) : s > 0}, D" n {(s, r) : s > 0}

and D'2 , D'{UD'¡UD'¡ corresponds to D'n{(5, r) : s < 0} , D"n j~[(s, r) : 5 < 0}
respectively.

We denote the integrals in (4.9)-(4.13) over the domains D'¡ (/ = 1, 2), D'j

ij = 1, 2, 3, 4) by 1/■, II/ respectively.
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Figure 1

Ii. We begin by estimating Ii. From (4.11), changing variables by (4.14),
we have

(4.15)
r

-dßda
p1

ri+a

Ii < CMP /      ^=^_
'- yf_a  Va + a-i(l + a)W2-i Ja-t \Ja

CMp
/■t+a

Jt-a

1

y/a + t + ß(l + \ß\)pm-°

1r_
Jo   y/a + ty/a + a-t(l+a)p/2~l Jo   y/a~+t+~ß{\ +ß)pm-e

rt+a i rt—a i

+ CM" /        . - /      _
Jt-a   y/a + a-til+a)p/2-1 J0      ,[a~,t-a   y/a + a-til + a)p/2~l J0       y/a + t- ß(l + ß)pm~e

We use the following lemma.

Lemma 4.3.
'      C

7dßda

-dßda.

(4
16) i"    y l -Tdß<{

Jo   y/a + t±ßil+ß)k

y/t + a

Cln(l+q)

y/t + a

Cil+a)l~k

ik>l),

(k = l),

(0<k<l)
y/t + a

for 0 < a < t + a, where C is a constant depending only on k.

Proof. The proof essentially repeats the proof of Lemma 4.3 in [22].   D

Now, consider pm - e'.
p > 4, if m = j . Hence, we can choose s' such that

(4.17) p/2-e'>3/2.

If m = (p - 3)/2, since p > (3 + v/Î7)/2,

(4.18) p(p-3)/2-e'>l.
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If m = k - \ and p(k - \) > 1,

(4.19) p(k-\)-e'>l.

Hence, for these three cases, applying Lemma 4.3 to (4.15) we have

CMp   ft+a 1
(4.20) I. <

:mp   r
t + ajt-y/t + a Jt-a  y/a + a-t( 1 + a)p/2~ '

I
2

da.

On the other hand, \ï m = k - \ and p(k - 5) < 1, as above

(4.21) Ii <
:mp  rl+a

t + a Jt-a

1

y/t + a Jt-a  y/a + a-t(l + a)Pk~2-£'

The following lemma is proved in [22].

Lemma 4.4.

L [t+a i da

ràj\i-a\ y/a + a - t(l + a)k

C

la.

y/a

(4.22)
< <

vT+7+
C

I (l + t + a)k

for all t,a>0.

Combining (4.22) with (4.20), we obtain

CMp

vTTTT^Íl + lí-al)^-1/2
c

0<Â:< 9

(4.23) I. < <
CAP

>/l +/ + a(l +t-a)(p-^l2 ~ \/l + t + a(l + t - a)m '

For (4.21), as above

CM" , CM"
(4.24) Ii < —--<

" y/l+t + ail + t - fl)p*-5/2-ï' - vTT7Tä(l + t - a)k-V2

In the last inequality we have used that

(4.25) pk-k-e'>2,

since k > 2/(p - 1).
I2 . Next, we shall estimate I2. From (4.9) and changing variables by (4.14),

we have
rt+a

(4.26)

^ CMp r'+a       1 r°

2~     yß   Jt-a   il+a)P">-°' Ja

ln(2 + /?)
(1+^)(P-')/2

dßda

+
CMp rl+aifp rl+a 1 f00        1

T Jt-a   y/a + a-t(l+ä)P~^ ja    (l + ß)(P-Wdßdayfà   Jt-a   y/a + a
•t+a

(4.27)

„ CMP f+a_

y/ä  Jt-a  (1 + a)

+

t\pm+(p-3)/2-e'-e"

CMP 1

y/a

da

rl+a

Jt-a y/a + a-t(l + a)pm+(p--i)l2-£
-da,
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where e" is a small positive constant to be determined later and C depends

on e".

To continue, we need the following lemma which is proved in [22].

Lemma 4.5.
_L (t+a      i       ,

Vd-Ju-alil+a)^2

<<

C

y/l+t + ail + \t-a\)k~1/2

C

y/l+t + a

C

I il + t + af

1+ln
1 + t + a

l + \t-a\

*>ii

*-2,,

(<><*< I)
for all t, a > 0.

p > 4, if m = j . Hence, we can choose e', e" such that

p-3/2-£'-e">3/2.

Thus, applying Lemmas 4.4 and 4.5 to (4.27), we obtain

CMP
(4.28) I2<

^(1 + t + a)il +t-a)'

If m = (p - 3)/2, since p > (3 + y/VJ)/2,

p(p - 3)/2 + (p- 3)/2 -e'- e" >(p-l)/2.

Thus, as above

CMP
(4.29) I2<

y/l + t + a(l + t-a)(P-VI2'

If m-k-\, since k > 2/(p - 1),

Thus, as above

(4.30)

pk-3/2-e' -e">k+l/2.

CMp
h<

y/l + t + a(l+t-a)k~1/2'

Hi. To estimate IIi , we make the change of variables by (4.14). Then, from

(4.13),
(4.31)

rt-a j ça j

III < CAP / , -TTTT /        j -7-,-jdßda
J0      y/t - a - a(l + a)P/2~l J-a

CM" / :_ /   —^=
Jo      y/t-a-a(l +a)W2-i J0   y/t + a

y/t + a + ß(l + \ß\)P"

1

+ CM"s:Jo

1 Ia—

Jo    y/7

+ ß(l+ß)Pm-

1

y/t -a -a(l+a)'/2-i J0   y/t + a - ß(l + ß)Pm~e

We subdivide into two cases.

7dßda

-¡dßda.
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(a) m = j, ip - 3)/2, or m = k - \ and pik - ¿) > 1. Using Lemma 4.3
and by (4.17), (4.18), and (4.19), we have

(4.32) Hi < I
1CMP

y/t + a Jo      y/t- a-ai 1 + a)P/2~
la.

We make use of the following lemma, which will be also used repeatedly in

this section.

Lemma 4.6.

Vt
—   [ß
Tä Jo

1
da

(4.33)
<<

y/t-a±ail +a)k

_C_
7(1 +t + a)il +t-a)

Clnj2 + ß)

7(1 + t + a)(l +t-a)

C(l + ß)l'k

(k>l),

(k=l),

(0<k<l)
[ y/(l + t + a)(l +t-a)

for 0 < ß <t-a, all t>a>0.

Proof. The proof is almost the same as that of Lemma 3.7 in [22], where we

estimated
1 _   r'-a 1

~d Joy/t + a Jo      y/t-a-a(l +a)k

By Lemma 4.6, we obtain

CMP

da.   D

Hi < <

7(1 +t + a)(l + t-a)

CMP ln(2 + t-a)

7(1 + t + a)(l + t-a)

CMP

iP>4),

(P = 4),

3 + 717

Thus,

(4.34)

{ y/l + t + a(l + t-a)(P-VI2        \

CMP ln(2 + t-a)

<p < 4

II, <
v7! + t + ail + t-a)'

(b) m = k - \ and pik - \) <l. Applying Lemmas 4.3 and 4.6 to (4.31),
by (4.25) and k < 1/2 + l/p < 1, we obtain

ft-a
Hi <

(4.35)
Jo

<

y/t + a Jo      y/t-a-ai 1 + a)Pk-2

CMP

7 da

y/l + t + a(l + t-a)k-l¡2'
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II2. From (4.13),

(4.36)

II2 < CM"
Jo

CMP    ft~

r'-a_i_ r"

Jo    Jt + a + ß(i + ß)pi2-i J-,y/t + ü + ßil + J?y/2-l  J-ß y/t-a-ail + \a\)Pm-£

-MP   r'-a       i        rß_i

- y/T+ä Jo      il+ß)Pl2~x Jo   y/t-a-ail + a)Pm~e

CMP   [<-" 1 f"_1_
Jo     (l+/0"Wo    u    -,»m-r.,d«dß.

jdadß

-dadß

+
y/t + a ;i + ß)Pl2~x Jo   y/t-a +ail + ay™-'1

(a) m = j, (p - 3)/2, or m = k-\ and p(k - ¿) > 1. Using Lemma 4.6,
(4.17), (4.18), and (4.19),

II2<
CMP

-a) Jo

1

< <

y/(l + t + a)(l + t-a)Jo     (l+ß)p'2-x

. (p > 4),
y/il+t + a)il + t-a)

CMP ln(2 + t-a)

dß

y/(l + t + a)(l + t-a)

CMP

(P = 4),

/3 + 7Î7

Thus,

(4.37)

[   y/l +t + a( l+t- fl)(P-3)/2 \^

CMP ln(2 + t - a)

<P<4\ .

II2 <
VI + t + a(l + t-a)

(b) m — k - j and p(k — j) < 1. We use Lemma 4.6 to obtain by (4.25)

and k<l/2+l/p <l,

lh <
CMP

(4.38)

rt-a

T)Jo    ÏÏ
1

<

V(l+f + fl)(l+f-fl) Jo      ( 1 + ß)Pk-2~e

CMP

^zpdß

y/l + t + a(l +t-a)k-1/2

II3. To estimate II3, we distinguish two cases.

(i) t>2a, or 2a >t >a and a < 1. From (4.13),

rt-a j -.00 j

II3 < CMP /        . ——-T da /       . -dß.
Ja-t   y/t-a-a(l + \a\)Pm-*'      J,-a y/t + a + ß(l + ß)P/2-1

We can easily derive

1
(4.39)

Hence,

(4.40)

/Ja y/b + a(l+a)k

C 1
da < —-w   .,.    for k > - and a, b > 0.

- (1 +a)k~1/2 2
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(a) m = 4 , (p - 3)/2, or m = k - 4 and pik - 4) > 1. By Lemma 4.6,

CAP
(4.41) II3 < ,v      ' J - (1 + i-a)^"2)/2

t - a > (t + a)/3, if í > 2a. Thus,

CAP CAP
(4-42) II3 <   „ ,,,    ,,     ,      „„_.„,., <

y/l + t + ai l+t- a)(p-3)/2     7T+TTïï( 1 +1 - a)m '

On the other hand, since the right-hand side of (4.41) is bounded, also for
2a > t > a and a < 1, (4.42) holds.

(b) m = k - j and pik - \) < 1. By Lemma 4.6, as above

,„ „^ TT CAP CAP(4-43) n3 < „  , ,    „,,,._,_„ <
(1 + t - a)Pk-2~e' - 71 + i + fl(l + t - a)k~1/2

(ii) 2a>t>a and a>l. From (4.12),

II3<
CAP  f'-a 1 y00    ln(2 + l)     ,

V^   ia-r   (l + |a|)^-£'        Jt-a(l+ßYP-W    ^

CMP r'~a_1_     z-00        1

+    7^   ya-,    7í-a-a(l + |a|)í""-e'     aJt-a(i+ß)ip-l)/2

(4.44) < CM*1°(2 + '-«) p_1_da
- y/T+T+a~(l + t - a)(P-W2 Jo      (1+ay«-«'

CAP
+

¿j?

vT+7Tä(l+i-iz)^-3)/2

/"-fl /       1 1       \ 1

X7o       Vv/í-a-a + v/í-a + aJ(l+ a)'»-«'

(a) m = j , (p - 3)/2, or m = k - \ and p(k -\)> I. Using Lemma 4.6,

TT  ^        CAP ln(2 +1 - a) CMp
II3 <      , =--—-r-rr +

71+r + fl( 1 +1 - a)<P-W     TT+TTäi l + t- a)(p~2)/2

{ '    ' CAPln(2 + t-a)

- y/l + t + a(l + t-a)m'

(b) m = k - j and p(k - ¿J < 1. As above

CAPln(2 + i-a) CAP
II3 < ,.  ——, /,,.   . +

y/l + t + a( l + t- a)Pk-5/2-e'     y/l+ t + a( l + t- a)i»*-2-«'

( '    ' CMPln(2 + t-a)

* Vl + t + a(l + t-a)k~1/2'

II4 . As before, we divide into two cases.

(i) t>2a,or 2a>t>a and a < 1. By (4.13) and (4.39),

(4.47)
ça-t j ,00 j

II4 < CAP / , -—- /        . -—- dß da
y_œ  y/t-a-ail + \a\)Pm-*' J-a y/t + a + ß(l + ß)P/2~l

<
í°°                        1

CMP / ._-da
Jt-a y/t-a + ail+ aym+W-3)/2-f '
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We can choose e' such that pm + (p - 3)/2 - s' > m + 1. Hence, also using
(4.39), we have

H4 < CMP
(1 +1 - a)«+i/2 •

t - a > (t + a)/3, if t>2a. Thus, we obtain

CAP
(4.48) II4 <

y/T+T+a~(l +t-a)r'

Also for 2a > t > a and a < 1, (4.48) holds.
(ii) 2a>t>a and a>l. From (4.12),

CMP y-' 1 y°°    ln(2 + jg)

CAP   Z"1-'_1_  /-00 1

+  7* i-oc 7* - a - a(l + |a|)^-£' y_0 (l + £)('-d/2  ^
(4.49)

ca/^    y00_i_

- y/l+t + al-a (l+ay»+(P-W-e'-e" d<*

CMP      f00_1_
+ y/l+t + a Jt-a y/t-a + a(l+ aym+{p-yiß-f

We can choose e', e" such that pm + (p - 3)/2 - e' - e" > m + I. Hence,
using (4.39), we obtain

CAP CAP
II4 <   ,. -— +

y/l + t + a(l + t-a)m     y/l + t + a(l+t-a)m+l'2
[      ' CMP

~ \/l + t + a(l + t-a)m '

Case 2. a > \t\ and t > 0. As in Case 1, changing variables by (4.14), the
domains of integration D' and D" go correspondingly to D\ U D'2 U D'3 and

D'ä,ß' wnere D'\ >D2'D3>D",ß denote the sets

D\ = {(a, ß) : a - t < a < t + a,  a - t < ß < a} ,

D'2 = {(a, ß):a-t<a<t + a, a < ß},

D3 = {(a, ß):t-a<a<a-t, a - t < ß},

D'lß = {(a,ß):a<t-a,  -a < ß} .

These sets are shown in Figure 2.
We denote the integrals in (4.9)—(4.11) over the domains D[, D'2, D'3 by

Ii, I2,13 respectively.

Ii. From (4.10),

CAP   rt+a

yß

r+a 1 f 1
Ja-t   (l+a)iP-x)l2Ja_t(l+ß)P^'dßda-
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(a) m-\,(p- 3)/2, or m = k-\ and p(k - \) > 1. By Lemma 4.5,

(4.51)

.  ^ CMP  f'+a 1 ,
M   ^  -7=^~    / T~.-w-¡T7Í" "a

-    7^   7a-;   (l+a)^-')/2

_CAP_
~ y/l + t + a(l+a-t)(P-W2

CMP
<. --.

%/l +t + a(l +a-t)m

(b) m = k-\ and p(k-\)<\.

CMP rt+a i

y/d   Ja_t   (l+a)Pk-^2-
I, < 7 ^a-

By Lemma 4.5 and (4.25),

(4.52) h <
CAP

I2. From (4.9) and (4.10),

cap rt+a

y/l + t + a(l+a-t)k~1/2'

CMP r'+a_i_ r        i

75   Ja-t   y/a + a-t(l+a)Pm-*' Ja    (I + ß)(P~l

This estimate is exactly of the "

y^dßda.

same type as (4.26). Therefore, we obtain

(4.53) I2<
CAP

71 +t + a(l +a-t)m'

h ■ We proceed as II3 in Case 1.
(i) a > 2t, or 2t > a > t and t< 1. By (4.11) and (4.39), we have

ra-t J ,00 J

I3 < CAP / . -—- da /        .
Jt-a   y/a-t + a(l + \a\)Pm-*'      Ja-t y/t + a + ß(l

CMP

+ ß)Pl2
Txdß

CMP ["-' (        1 1        \ 1

- (l+a-t)(P-W2Jo      \y/a-t + a + y/a-t-a) (1+a)"»-«'
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The last estimate is the same as (4.40). Therefore,

(4.54) I3 < CM"-.
~ y/l + t + a(l+a-t)m

(ii) 2t>a>t and t>l. From (4.9) and (4.10),

1,<££/-'„ ,'„ .**r/a{22ßLäß
J   — lZ        I /I     1       _ Wnm — p' I / 1     1     0\(n— 11/7        ~

y/a

CMP  ["-'_1_       f°° 1
+   y/d  Jt-a   y/a + a-t(l + \a\)P">-*'      Ja-.l(l+ß)<P-Wdß

CMP ln(2 + a - t) ["-' 1

- y/T+T+a( l+a- t)(p-V/2 J0     ( 1 + a V«-«'
CAP

+
y/l + t + a(l+a-t)(p-V/2

["-' (        1 1        \ 1 ,

X Jo      \y/a + a-t + y/a-a-t) (1+ a)Pm~e'

The last estimate is the same as (4.44). Therefore,

CAP ln(2 + a-t)
(4.55) I3 <

VI + t + a(l + a-t)m '

II. We proceed as II4 in Case 1.
(i) a>2t,or 2t>a>t and t < 1. From (4.13) and (4.39),

(4.56)
[t-a                           j                              ,00                          j

II < CMP / ; -—-7 /        . -—- dß da
Loo 7r-a-a(l + \a\)pm-*' J-a y/t + a + ß(l + ß)p/2~l

r°° 1
< CAP / -_:_da

Ja-t y/t-a + a(l+ a)pm+(p-3)/2-<' "    '

The last estimate is similar to (4.47). Using that

f°° 1 C 1
(4.57) /       ,- da <--t-r-pz   for k > = and a > b > 0
V       '      Ja    y/a^b(l+a)k       "(l+a)*"1/2 2 ~    "

and proceeding as in (4.47), (4.48), we obtain

CAP
(4.58) II <

Vl +t + a(\ +a-t)m

(ii) 2t>a>t and t>l. From (4.12),

TT^ CAP  [<-"           1 /-00    ln(2 + j?)      ...
II < —7=- /       t\-r~^-t I     t\—\m    no dß da

-    y/d   ./_«,   (l + \a\)P>»-e' J_a  (l+ß)(P-V/2

CMP   f'-a 1 f°° 1 ...
+ —=T / ,,     _        „   .  ■   „■„,_.,   /      m   .   oM.-undßda

/t—a 1 <-oo

.oo  Ví-a-a(l + |a|)^-£'i_a (1 + £)(*-D/2

cap     r00_1_

~ TTTTTä /,_, (i + a)í""+(p-3)/2-£'-£"
CAP       Z"00_1_

+ Vl + í + a ia-í v/?-a + a( 1 + a)pm+(P-3)l2-e.'
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Figure 3

The last estimate is similar to (4.49). Proceeding as in (4.49), (4.50), we use
(4.57) to obtain

CAP
(4.59) II <    . -.

~ y/l + t + ail+a-t)m

Case 3. a > \t\ and t < 0. As before, changing variables by (4.14), the
domains of integration D' and D" go correspondingly to D'a „ and D'¿ o,

where D'a ß and D"a „ are pictured in Figure 3.

I. From (4.11) and by (4.39), we have
rt+a

CMP

pi+a i z-oo i

1 < CM" /       / —r~K- da /      .
Jt-a  y/a-t + ail + \a\ym-*'      Ja-t y/t + a + ßi

\Jo      y/a - t + ail + a)Pm-*'

+ Jo      y/a - t - ail + ay»-*1    a)

1 + jjy/2-l
dß

(l+a-Z)(p-3)/2

<
CAP ra+\t\ I I

Jo        \ y/a + \t\ + a
+

1 1

il+a + \t\)(P-W2Jo       \y/a + \t\ + a     y/a + \t\-a) il+a)p">

The last estimate is the same as (4.40). Therefore,

z-jda.

(4.60) I<
CAP

<
CAP

(1 + a + \t\)>»+V2 - 7l+fl + |r|(l + \a- \t\

II. From (4.13) and (4.39),

II < CMp
rt-a j yoo j

J-oo  y/t-a-ail + \a\ym-£' J-a y/t + a + yS(l + y?)W2-i

f°° 1
^ CM" / /i    \    ^    *„   , da

Ja-t y/t-a +ail + aym+(P-y/2-£'

= CMp
t\ y/<

Using (4.57), we obtain

r°° _f_
Ja+\t\ y/a-a - \t\(l +a ym+(p-3)/2-e'

da.

(4.61) IK
CAP

<
CAP

(1 + a + \t\)m+1/2 - 71+0 + 1*1(1 + \a - \t\ \)"
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t-a     t+a

Figure 4

Case 4. \t\ > a and t < 0. As before, changing variables by (4.14), the
domains of integration D' and D" go to D'a ß and D" ß respectively, where

D'a ß and D'¿ „ are shown in Figure 4.

I. Proceeding as part I of Case 3, we use (4.57) to obtain

(4-62)
çt+a i />oo i

KCAP/        . —--:-jdaj       . -—dß
Jt-a  y/a-t + a(l + \a\)P">-*'      Ja_t y/t + a + ß(l + ß)P'2~i

CMP fa+w_1_

- (l + a + \t\)(P-W2 JM-a  y/a + \t\-a(l+ay™-e'

_CAP_
~ 71+a + |i|(l + \a - \t\ \)m '

II. Using (4.57), we can estimate II in the same manner as II in Case 3.
Therefore,

(4.63) IK
CMP

7l+a + |r|(l + |a-|i||)'"

This completes the proof of Lemma 4.1.   D

The basic estimate for 0 < k < \ is the following lemma which we can prove
in the same manner as Lemma 4.1.

Lemma 4.7. Assume that u(x, t) G C(R2 x R) satisfies

M

(4.64)    \u(x,t)\<{ vTT

I (l + |i| + a)*

í + llíl-fli;     V    2)

(o<k<\)

where a - \x\.
Let k > 2/(p - 1). Then, there exists a constant CPtk depending only on p

and k, not on M such that

(4.65) \L\u\p(x,t)\ <
Cp,kMP

(l + \t\ + a)k
0<k<
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Remark 4.8. Note that if 0 < k < \ and k > 2/(p - 1), then p > 5. Thus,
the proof of this lemma is easier than that of Lemma 4.1.

5. Proof of Theorem 2.2

In this section, we prove Theorem 2.2 and Corollary 2.4.

Proof of part (i) of Theorem 2.2.
Part 1 (Proof of the existence). From (2.7), we have

f\\u\\k (0</c<I,  ±<fc<l),
\u(x, t)\< { ,

n-\2\\u\\k       (k = \),

II |w|eM'~elk < H"IIJtNll~e   for 0 < Ö < 1,

and by Lemmas 4.1 and 4.7,

\\mp\\k<cp,k\\u\\pk,

\\mepH^p\\k<cp,m\lnv\\td)p^
where Cpk a constant given in Lemmas 4.1 and 4.7.

We can verify easily that the linear space Xk defined by (2.5) is complete

with respect to the norm (2.6) and (2.7).

We denote by X0 the closed subset of Xk given by

Xo = {ueXk:\\u\\Xk<2BkCke},

where Ck is a constant in (3.1) and

Í l/ln2       (k> 1,  \<k< 1),
Bk =

[I (k= 1, 0</c< i).

Then, it follows from Lemma 3.1 that

IK Ik <BkCke.

Hence, Wq g Xq . Now we define the map T by

Tu — Uq + LF(u).

We can derive (see [7, 20])

\\LF(u)\\k<Cp,kX(2BkCke)P,

\\DjLF(u)\\k<2Cp,kX(2BkCke)P,

\\DtDjLF(u)\\k < 5Cp,kX(2BkCke)P,

and

Il Tu - Tv\\k < CPtkX(2BkCke)p-l\\u - v\\Xk,

\\Dj(Tu - Tv)\\k < 2Cp>kX(2BkCke)P-l\\u - v\\Xk,

\\DiDj(Tu - Tv)\\k < 5Cp,kX(2BkCke)P-l\\u - v\\Xk

for u, v G Xq , where D; = d/dXj   (j = 1, 2).
We see that

||rw||^ < BkCke + 20Cp,kX(2BkCke)P < 2BkCke,

\\Tu - Tv\\Xk < 20Cp¡kX(2BkCke)P-l\\u - v\\Xk <\\\u- v\\Xk
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for u, v G Xo , provided

(5.1) 20Cp,kX2P(BkCke)P-l<l.

Thus, if we choose e > 0 so small that (5.1) holds, then T is a contraction

of Xo into itself, and so T admits a unique fixed point u G X0, which satisfies

(2.4).
Part 2 (Proof of (2.8)). To prove (2.8), as is well known we have only to

show that

(5-2) j*   \\F(u(s))\\Lim ds < jY^i - °       (' -* -°°) '

where / is given by (2.9).
We split the integral in (5.2) into five parts, following Pécher [16] and use

the decay estimate of u from u e Xk .
First we shall prove (5.2) for k > \ .

(1)

/    (/ \F(u(x,s))\2dx)     ds
J-oo \J\x\<\s\/2 J

iCLo+m^-*(Lmdx)  ds

-cy_00(i+i5i)^+'/2)-i-e'í¡?s

<.'.<  c
(l + |f|)p(m+l/2)-2-£'  - (l + |f|)« '

We have used (4.17), (4.18), and (4.25) in the last inequality.

(2)

/    (/ \F(u(x,s))\2dx)     ds
J-oc \/|*|/2<|x|<|i|-l J

-CJ-x(1 + \s\)p'2[JW2    (l + |r-|*||)2'-2«'<,rJ      dS

r'   |5|'/2 / /■|i|-1      i       y/2

-CJ-oo\TTJsW2[j\si,2    (l + \s\-r)2P<"-2*'dr)      ds

= 1.

We need to consider two cases.

(a) m = \, (p - 3)/2, or m = k - \ and 2p(k - \) > I. Using (4.17),
(4.18) and (4.19),

f' 1 C C
KC        T-.—, ,,,    „nds<T-.—, „,   ,w, <iC/l(T+ IJI)(p-«)/2    - (1 + l/l)(p-3)/2 - (1 + l/l)m '

(b) m = k-\ and 2p(k - \) < 1. By (4.25),

-.—K^ds<
J-ooil + U(l + |s|)*+1 ~(l + \t\)k
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(3)

/     (/ \F(u(x,s))\2dx)     ds
J-oo \^|i|-K|x|<|i|+l /

"      J-oo (1 + I*|V/2  VW-Klxl^M+I     X)

[' 1 c
-cJ-00(i + \s\)(p-iy2ds- (i + \t\)»>-

(4) The integral over |s| +1 < \x\ < 2\s\ can be estimated in the same manner
as that in (2).

(5)

f    [Í \F(u(x,s))\2dx)      ds
J-oo \J\x\>2\s\ )

-CJ-oo[lx\>2\s\(l + \x\)2P^^

~       J-oo \J2\s\  (I

SC/1(T

+ r)2p(m+l/2)-2«

y/2

32¡7 dx\        ds

1/2

-dr\     ds

yds <
C

+ \s\y(m+l/2)-l-S> — - (l + |i|)«-

Similarly, we can prove (5.2) for 0 < k < \ .

Proof of part (ii) of Theorem 2.2. We define

„í(;c,,) = «<*,<)-¿/7 />Fy-,")    „«»*•
2n J,    J\x-y\<s-t 7(5 - t)2 -\x- y\2

Then, clearly mJ is a C2-solution of (2.2) and as before, we can show that

||«(0 - «¿(Oil* < 7T^n7j]7 "> °       (i^+oo).

This completes the proof of Theorem 2.2.   o

Proof of Corollary 2.4. From (2.12), (HI), and the decay estimate of u,

1/ G(u(t))dx  <C f \u\p+l(t)dx
\Jri Jri

(5.3)
- C/r2 (1 + |jc| + |i|)Ci»+i)/2(i + I |jc| - |r| |)»Kp+i)-«' rf*

f3<C
Jo

<

(1 -t- A" H- |/-|)Cp-h1)/2

c
0       (i —±00),

(l + lrl)^-3)/2

if k > \.



Similarly, if 0 < k < 4 ,
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i
2

(5.4) I / G(u(t))
\Jri

dx
R2

c
0       (t -» ±oo),

(l + l/D*
We also have

(5.5) ||Mo-(0)||2 = ||«0-(0ll2,     IK+(0)L2 = K(t)\\l

Therefore, (2.11) follows from (2.8), (2.10), (5.3), (5.4), (5.5) and the energy
conservation law of (2.1):

1
"(011;;+ / G(u(t))dx=h\u(s)\\2e+ [ G(uis))dx,

Jr* l Jrï

This completes the proof of Corollary 2.4.   D
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Added in proof. Recently, K. Kubota and K. Mochizuki iOn small data scatter-
ing for 2-dimensional semilinear wave equations, Hokkaido Math. J. 22 (1993),

79-97) have obtained independently a similar result using different methods

from ours. However our decay estimates of solutions of (2.1 ) are slightly sharper
than theirs.
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