TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 342, Number 2, April 1994

SCATTERING THEORY FOR SEMILINEAR WAVE EQUATIONS
WITH SMALL DATA IN TWO SPACE DIMENSIONS

KIMITOSHI TSUTAYA

ABSTRACT. We study scattering theory for the semilinear wave equation u; —
Au = |ulP~'u in two space dimensions. We show that if p > pg = (3+v17)/2,
the scattering operator exists for smooth and small data. The lower bound pg
of p is considered to be optimal (see Glassey [6, 7], Schaeffer [18]). Our result
is an extension of the results by Strauss [19], Klainerman [10], and Mochizuki
and Motai [14, 15]. The construction of the scattering operator for small data
does not follow directly from the proofs in [7, 13, 20 and 22] concerning the
global existence of solutions for the Cauchy problem of the above equation with
small initial data given at ¢ = 0 in two space dimensions, because we have to
consider the integral equation with unbounded integral region associated to the
above equation:

(luP~'u)(y, 5)

- Lr
ux, ) = sy (0, 0+ o7 /_oo /|x—y|s:—s V= - k=P

for t € R, where u;(x,?) is a solution of uy — Au = 0 which u(x, ¢)
approaches asymptotically as ¢ — —oo. The proof of the basic estimate for
the above integral equation is more difficult and complicated than that for the
Cauchy problem of u; — Au = |u|P~'u in two space dimensions.

dyds,

1. INTRODUCTION
We consider a scattering problem for the semilinear wave equation
(1.1) Uy —Au = F(u), (x,t)eR" xR,

where F(u) = AlulP or AlulP~'u, A€ R, p>1,and n=2.
We compare the asymptotic behavior as ¢ — oo of solution of (1.1) with
those of suitable solutions of the Cauchy problem for the free wave equation

(1.2) uy—Au=0, (x,f)€R"xR,

in the sense of energy norm.

Among many theorems on the construction of the scattering operator for
(1.1), we mention a remarkable result of Pecher [16] which has improved pre-
vious results by Strauss [19], Klainerman [10], and Mochizuki and Motai [14,
15].

Pecher has shown that in three space dimensions (n = 3), the scattering oper-
ator for (1.1) exists for regular and small data if p > 1++/2. This lower bound
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of p is optimal, since John [8] showed that there exist global C2-solutions to
the Cauchy problem for the equation u, — Au = |u|P with smooth and small
data of compact support if p > 1+ /2, and it was also shown by John [8, 9]
and Schaeffer [18] that the solution blows up in finite time for small data of
compact support if 1 <p<1++v2.

In two space dimensions, Strauss [19] proved that the scattering operator
exists if p > 2 + /5, provided the smooth data are small. This result was
improved to p > 2 + v/3 by Klainerman [10] and Mochizuki and Motai [14,
15]. However, these results are not sharp, since Glassey [7] proved that the
Cauchy problem for u,,—Au = |u|P has global C2-solutions if p > (3+v17)/2,
provided the smooth data of compact support are small, and moreover it was
shown by Glassey [6] and Schaeffer [18] that if 1 < p < (3 + V17)/2, global
solutions do not exist, provided the data of compact support satisfy a certain
condition.

Our aim of this paper is to prove that if p > (3 + v/17)/2, the scattering
operator exists for smooth and small data in two space dimensions.

We note that in the global existence theorems by John and Glassey, the data
are compactly supported. Since we solve the Cauchy problem for (1.1) with the
data given at ¢t = —oco, the assumption of the compactly supported data is not
natural. In this connection, we briefly state the previous results concerning the
Cauchy problem

Uy — Au = |ul?, (x,t) € R"x (0, 00),
u(x,0)= f(x), u(x,0=g(x), xeR"(n=2,3),
with small data of noncompact support.

Asakura [2], Kubota [13], and the author [20, 21, 22] have shown that global
solutions exist for small data f(x) € C3(R"), g(x) € C%(R") satisfying

D3 f(x), Dig(x) = O(|1x|™'7%) as |x| = oo, |a| <3, |BI <2,

if k>2/(p—1), p>1+v2 for n=3,and p > (3+V17)/2 for n=2. The
result due to Pecher [16] also corresponds to the removal of compact support
assumption for initial data in three space dimensions.

In contrast to this existence theorem, Asakura [2], Agemi and Takamura [1],
and the author [20] have proved that if the data satisfy

€
f(x)=0, g(x)ZW,

and 0 < k <2/(p—1), then the solution blows up in finite time even with

. 1+V2 (n=13),
B+VI1)/2 (n=2).

(1.3)

>0,

The construction of the scattering operator for small data is almost equiva-
lent to the construction of the global solution for the Cauchy problem of (1.1)
with small initial data given at ¢ = 0 in the case of three space dimensions,
but the construction of the scattering operator for small data does not follow
directly from the proof of global existence of solutions for the Cauchy prob-
lem of (1.1) with small initial data given at ¢t = 0 in the case of two space
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dimensions, because we have to consider the integral equation with unbounded
integral region associated to (1.1):

_ 1/’/ F(u(y,s))
ux, ) =u;(x,t)+ =— dyds,
(1.4) (60 =t 0, 1) 27 J—oo Jix—yi<i-s V/(t = 5)2 = |x — y|? Y
fort € R,

where u; (x, t) is a solution of (1.2) which u(x, t) approaches asymptotically
as t — —oo. The integral of the right-hand side consists of the integral on
(—o0, 0] and the integral on [0, ¢] for ¢ >0 or [t, 0] for ¢ < 0. The integral
on [0,¢], t>0,oron [t,0], t <0, is the same as the integral appearing in
the Cauchy problem of (1.1) at ¢ = 0. In the case of three space dimensions, the
evaluation of the integral on (—oo, 0] is quite the same as that of the integral
on [0,¢], t >0, o0r [t,0], t <0. But in the case of two space dimensions,
we cannot evaluate the integral on (—oo, 0] in the same way as the integral on
[0,1], t>0,o0r [t, 0], t <0, due to the speciality of two space dimensions.
We have to split the integral region into several parts and to make proper use
of all the estimates (4.7a)-(4.8b) in §4 for the integral kernel in each part of
the integral region. Such a procedure is not needed in three space dimensions.
For the Cauchy problem at ¢ = 0 in two space dimensions, (4.7b) and (4.8b)
are sufficient and so we do not have to use (4.7a) and (4.8a) (see [13, 20, 22]).
Accordingly, the proof of the basic estimate (see Lemma 4.1) for (1.4) is more
difficult and complicated than that for the Cauchy problem of (1.3) in two space
dimensions.

For the case of large data, we refer to the results by Ginibre and Velo [3, 4,
5].

2. ASSUMPTIONS AND THEOREM

We study the scattering problem for the semilinear wave equation of the form
(2.1) Uy —Au= F(u), (x,t) € R*xR.
We make the following hypothesis.
(H1) F(u) € CX(R) and there exist p > (3+V17)/2, 4> 0, such that

[FOw)| < AufP~/ forlul< 1, j=0,1,2,
|F"(u) = F"(v)| < Al¢fPlu—v| for|u|, |v| <1, ¢=max{|ul,|v]}.

Let uy (x, t) be the C2-solution of the Cauchy problem
(2.2) Uy —Au=0, (x,1)e R?x R,
(2.3) u(x,0) = f(x), wu(x,0) =gkx)), x € R,

The hypothesis concerning the data is the following

(H2) f(x) € C*(R?), g(x) € C*(R?) satisfy
> D5/l + 3 IDEg00)I < e

laf<3 [B1<2

with k > 0, where ¢ is a small parameter.
Remark 2.1. (H2) implies f(x) € H*(R?) and g(x) € H'(R?).
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We solve the integral equation

] L Flu(y, 5))
ulx, ) =us(x,t)+— dyds,
(24 M O=H000 I esies T2 kP
fort€R

in the space X, , kK >2/(p — 1), where
(2.5)  Xi={u(x,t):D2u(x, 1) € C(R* x R) for |a| < 2, |lu||x, < oo},

(2.6) lullx, = D IDgullk,

lal<2

(2.7)
( (L4 e+ 1xD2 (1 + [ Je] = |xi )™

sup u(x,t k>1),
S m@ag e (k>3)
teER
1L+ +|x] \ 7!
ullk = 4 sup1+t+x‘/2<l+ln—— u(x,t k=1),
llull xeRz( l¢] + |x[) T [ = [x[] lu(x, 1) (k=3)
tER
sup (1 + || + |x¥|u(x, 1)) (0<k<3),
XER?
\ (€ER
and
m=min(1/2, (p —3)/2, k—1/2).
We put

llu(®)lle = {"Dxu(t)”b(m) + ”atu(t)”iz(m)}l/z .
Our goal is to prove the following
Theorem 2.2. Assume hypotheses (H1) and (H2).
(i) If k > 2/(p — 1) and ¢ is sufficiently small, depending on A, p, and k,

then there exists a unique C2-solution u(x, t) of the integral equation (2.4) such
that

(2.8) lu(t) = ug lle < C/A+]t)) =0 (t = —o0),
where C is a constant depending on A, p, k, and
k>4,
(2.9) =M k=)
k 0<k< %).

(ii) Moreover, there exists a unique C*-solution uf(x,t) of (2.2) such that
for the solution u(x,t) of (2.4) given by part (i),

(2.10) lu(t) — uf(@O)lle < C/(L+]t)' =0 (1= +00).
Thus, we can define the scattering operator
S : (ug (0), 8rug (0)) — (ug (0), Orug(0))
Jor equation (2.1).

Remark 2.3. The solution u(x, t) of (2.4) given by Theorem 2.2 is a solution
of (2.1) (see [2, 7, 8, 16]).
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Corollary 2.4. The well-known energy equality holds:

Q1) g+ [ Gu)dx = 3G O = FIGOR.  reR,
where
(2.12) Glu) = — /0 F(s)ds.

The paper is organized as follows. In §3, we describe the decay estimates for
the linear problem which was derived in [13, 22]. In §4, we prove the basic
estimate for the existence proof, following Kovalyov [11, 12] and Asakura [2].
Finally, Theorem 2.2 and Corollary 2.4 will be proved in §5.

We denote a constant in the estimate by C, which will change from step to
step.

3. DECAY ESTIMATE

Consider the Cauchy problem (2.2) and (2.3) for ¢ > 0 under the hypothesis
(H2).

The following lemma is proved in [22] (see also [13]).
Lemma 3.1. Let f(x), g(x) satisfy (H2). Then, the solution u of (2.2) and
(2.3) for t > 0 satisfies

( Ck8

k>1),
VI +t+a)(I+[t-a) (k>1)
Creln(2 + |t — al) k=1
Va+t+a)l+]i-al ’
Ck8
3.1 D%u(x, t)| < { Lekel)
i Cye l+t+a ;
m(l“"1+|t_a|) (k=3),
Cre
\ (1+tk+a)k O<k<iy,

where a = |x|, and a constant Cy depends only on k.

Remark 3.2. The same estimate holds for all ¢t € R by replacing ¢ by |¢].

4. THE BASIC ESTIMATE
We consider the integral equation

F(uy,s))
a1 U D=ulxD 2n/ /|x_y|<t ST o RS
forte R.

We define

»5))
(4.2) LF(u)(x, t) 2n/ /lx e S\/t—s)2 T y|2dyds.

The following lemma is the basic estimate for the existence proof.
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Lemma 4.1. Assume that u(x, t) € C(R* x R) satisfies
MIn(2+||t| —al)

4.3 ulx, t)| <

(43) jutx, ) V14|t +a(l+]|t| —a)m

where a = |x|, m=min(1/2, (p —3)/2,k—-1/2), and k > 1/2.

Let k>2/(p—1) and p > (3+V17)/2. Then, there exists a constant C,
depending only on p and k, not on M such that

Cp kMPIn(2 + | |t| — a)

V1t +a(l+1|t] —a|)m

(4.4) ILjufP(x, 1) <

Proof. From (4.1),
Lupte,0< o [ f ‘
27 J oo Jix—yizi-s V/(t = 5)* =[x — y[?
) MP(In(2 + | |s| — [y )P
(1+ s+ yDP72(1 + |Is| = Iyl )P
|

t
o |
—o0 Jx—ylgt-s V(t = $)2 —|x — y2
1

(L +|s[+ yDP/2(1 + | Is| = y|[)pm=*
where &' is a small positive constant to be determined later and C depends on
e.

Switching the last estimate to polar coordinates, we have
L|ulP(x,t)=L|uf’(a, 0,1t

a+t—s r
o[ [ ,
t—a Ja—t+s (1 Is| +r)P/2(1 + | |s]| — r|)pm=¢

dyds

dyds,

dydrds
/ \/t—s)z—az-r2+2arcosy/ v
» t—a t+a—s r
CM
(4.5) - / /, (L+ sl +r)P/2(1 + | |s| — r[)pm=
dydrds
/ V(t—s)? —a2—r2+2arcosv/ v
» t—a t—a-—s r
cw [ ,
T e o ISR P TS
n
! dydrds,

—xV(t=5)2—a2—r2+2arcosy

where ¢ = arccos((a®? + r* — (t — 5)?)/2ar), x = (acosf,asinf), y =
(rcos(@ + y), rsin(6 + y)) (see Kovalyov [11, 12]).

We define
(4.6) s s s
1 dy if |2E 0 o)
Kit.a,n=2""° V2 —a? —r2+2arcosy 2ar
T n 1 " a+r: -2 -1
—n /12 —a%—r?+2arcosy 2ar ="
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where
al+r:-¢

= arccos
4 2ar

We use the following lemma which is proved in [11, 12] (see also [22]).
Lemma 4.2. (i) If t >a+r and |(a®*+r? —t?)/2ar| > 1, then
< CIn[2 + ar/(t* - (a +1r)?)]
= N
<<
Tt —(a+r)?

(i) Ift<a+r and |(@®> +r*—1*)/2ar| < 1, then

(4.7a) K(t,a,r)

(4.7b)

C ary(t—a)
(4.8a) K(t,a,r) < Tar In [2 + @tr?= 12]
C
(4.8b) S CET

where x is the characteristic function of positive numbers.
From (4.5) and (4.6), we have

K(t—s,a,nr
14 < 14
LiulP(x,t) < CM: /D/ T+ )2 1 = Bl P—? drds
K(t—s,a,nr

drds

CM? / :
+ o L7+ SDPR(L + |7 = 5| P

=I1+1I,
where the domains D’ and D” denote the sets
D ={(s,r):|s+ta-t|<r<-s+t+a, —o<s<t},
D'={(s,r):0<r<-s+t—-a, —o<s<t-a}

(see [11, 12]).
By (4.8a) of Lemma 4.2,

1< CMP [ rin[2+ary(t—s—a)/((a+r)*—(t—15)?)] s
T Va b (L4 r+|s|)P2(1 + |r — |s||)pm—¢ .
Since
ar )
< ————
2+(a+r+t—s)(a+r_t+s) _(2+r)(1+a+r—t+s) ,
1 1
In(1 <
n( +“+’-l+s>"¢517:7:s’
we obtain
( CMP In2+r)+1/Va+r—t+s drds
(4.9) va Jp (L+r+[s)®=D/2(1 + |r — |s| |[)pm=¢
| (t—-s-a>0),
t= CM? 1
(4.10) 72 Jo T+ sNe-D2(1 + |7 — Js| )om—* drds
) (t—-5s—ax<0),
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or by (4.8b),
(4.11)
P
I< M -drds.
p(@+tr+t=s)a+r—t+s)(1+r+|s))Pr2=1(1 +|r—|s||)pm—¢
Using (4.7a) of Lemma 4.2,

< CM? rin[2 +ar/((t — s)* - (a +r)?)] drds.
B D (1 =5)2—a2—r2(1 +r+|s|)P/2(1 + |r — |s||)pm—¢'

Note that

ar

2+ 5(2+r)(1+;>,

(t—=s+a+r)(t—s—a-r) t—s—a-r

1 1
In{1+ < s
t—-s—a-r Vi—-s—a-r
\/(t—s)z—az—ﬂ2\/2a(z—s—a),
since r <t — s —a. Then, we obtain

cM? Q2 +r) +1/VIms—a—TF

@12 s L T+ oD 5 Jr = s oo
or by (4.7b),
(4.13)
14
< M drds.

“Jpry/(t—s+a+r)(t—s—a—r)(1+r+|s|)P/2=1(1+|r—|s| | )pm—¢

Now, we shall estimate I and II by dividing into four cases.
Casel. |t| >a and t > 0.
Introducing the following change of variables

(4.14) a=r+s, B=r-s,

the domains of integration D’ and D" go to D{UDj; and Dy U Dy UDjUDy
respectively, where D} (i=1, 2) and D}’ (j=1,2,3,4) denote the sets

D, ={(a,B):t—-a<a<t+a, a-t<p<a},
Dy={(a,B):t-a<a<t+a, a<f},
D”_{( B):0<a<t-a, —a< p<a},
={(a,B):0<B<t-a, -f<a<pB},
D3—{( ,B)ia-t<a<t-a, t-a<p},
Df={(a,B):a<a—t, —a<p}.

These sets are pictured in Figure 1.

Note that D|, D} correspondsto D'N{(s,r):5s >0}, D"n{(s,r):s >0}
and D;, DyuDjUDy correspondsto D'N{(s, r):s <0}, D"n{(s, r):s <0}
respectively.

We denote the integrals in (4.9)-(4.13) over the domains D; (i=1,2), D}
(j=1,2,3,4) by I, II; respectively.
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B
/
p, |7
D} D;
t—a
| s/ | o
| D
o
a—t 0 t—a t+a
a—tj---------
FIGURE 1

I, . We begin by estimating I; . From (4.11), changing variables by (4.14),
we have

(4.15)
L<cme [ L / ’ L dgd
a
L= ica Vata—t(L+a)P21 J, Ja+ 1+ B(1+]|B|pm
_ CMp t+a (l 1

[ =i )] Ve B gy P e
t+a 1 t—a 1
rem /t—a va+ta—t(1+a)P?=1 Jo  \Ja+1t- B(1+ p)pm-¢ dpde.
We use the following lemma.
Lemma 4.3.

 C
t+a
a 1 In(1 + a)
df < { ————— k=1),
/o va+txB(1+ )k A< t+a ( )
C(1+a)l-k
\ vi+a

for 0 <a<t+a, where C is a constant depending only on k.

Proof. The proof essentially repeats the proof of Lemma 4.3 in [22]. O
Now, consider pm —¢’.
p >4, if m= 4. Hence, we can choose ¢ such that

(4.17) p/2—¢ >3/2.
If m=(p-3)/2,since p>(3+V17)/2,
(4.18) p(p—-3)/2-¢ > 1.

0

(4.16)

:

0<k<)
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If m=k-14 and p(k—4$)>1,

(4.19) plk—1—-¢>1.

Hence, for these three cases, applying Lemma 4.3 to (4.15) we have
14 t+a

(4.20) LM ! da.

Vi+tali—g Va+a—t(1+a)p/2-1
On the other hand, if m =k — 1 and p(k — 1) <1, as above
CMp t+a 1

4.21 [ < —— .
( ) l=Vrra —a Va+a—1(1+a)pk-2-¢ do
The following lemma is proved in [22].
Lemma 4.4.
1 t+a 1 d
va lt—a| V@ +a—1(1+a)k *
e ()
(4.22) T+t+a(l+|t—al|)k-1/2 2)°
A€ (remltrn) (en))
| Vi+t+a 1+|t—al 2)°
C 1
{ (1 ++a)k (O<k<§)

forall t,a>0.
Combining (4.22) with (4.20), we obtain
I < CMP < CM? .
Vitt+a(l+t—a)r-32 7 J/1+t+a(l+t-a)"
For (4.21), as above

(4.23)

4.24) I, < cMP < CM? .
VI+i+a(l+t—apk=52-¢ = /T+i+a(l+t—a)k-1/2

In the last inequality we have used that ’

(4.25) pk—k—-¢>2,

since kK >2/(p—1).
I, . Next, we shall estimate I, . From (4.9) and changing variables by (4.14),
we have

D t+a o)
e M [ R g

= Va Jia I+a) 1+ B)o-D12
(4'26) p’ at+a )
o : / L dpda
Va Jica Vata- {1y J, T+ BF-07
CMp t+a 1
4.27 SV ). Trapmoonre 4
(' ) CMP t+a . 1

da,

+— ;
va Ji_q Va+a—1(1+a)pmtp-3)/2-¢
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where ¢” is a small positive constant to be determined later and C depends
on ¢”.

To continue, we need the following lemma which is proved in [22].
Lemma 4.5.

1 t+a 1

Va Jy—aq (1 +a)k+172 do

( C 1
k>=1},
VIiFit+a(l+|t—al)k-1/2 ( 2)
C l+t+a 1
<d = _rtra 2
9 ,/—1+z+a(‘““1+|r—a|) <" 2)’
C 1
[ (1 +1+a)k <O<k<§>

forall t,a>0.
p>4.if m= % . Hence, we can choose &', ¢’ such that
p—3/2-¢-¢">3/2.
Thus, applying Lemmas 4.4 and 4.5 to (4.27), we obtain
I, < cm? .
Vl+t+a)(l+t-a)
If m=(p-3)/2,since p>(3+V17)/2,
p(p—3)/2+(-3)/2-¢-¢">(p-1)/2.

(4.28)

Thus, as above

CMP
4.29 I < .
(429) 2= Vi+t+a(l+t—a)p-3/2

If m=k-1,since k>2/(p-1),
pk—3/2-¢-¢">k+1/2.

Thus, as above
L < CM?
P> Ttita(l+1—a)k-12"

II, . To estimate II; , we make the change of variables by (4.14). Then, from

(4.30)

(4.13),
(4.31)
1, < CM? /t'_a ! /a ! dBda
= o Vi—a—a(l+aP 1, Jitax+B(1+|B)pme
t—a 1 a 1
=CM"/ / dpd
o Vi—a-a(l+a)/27V o \/t+a+ B(1+ Byt Ada
t—a 1 a 1
M? dpda.
te /o \/t—a—a(1+a)”/2“/o Vi+a- B(1+ pprm—e pda

We subdivide into two cases.
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(@ m=4%,(p—-3)/2,0r m=k -1 and p(k —%) > 1. Using Lemma 4.3
and by (4.17), (4.18), and (4.19), we have

t—a 1

CM?P
4.32 II, <
( ) 1—\/t+a o Vt—a-a(l+a)p/2-1 do

We make use of the following lemma, which will be also used repeatedly in
this section.

Lemma 4.6.
1 d
Vit+alJy Vi—axa(l+a)k “
C
433 Vad+t+a)(l+t-a) (k>1),
(4.33) . Cln(2 + B) k=1
Sy V+ttal+i-a ’
C(+p)*
{ V(I +t+a)(l+t-a) (O<k<1)

for 0<B<t—a,al t>a>0.

Proof. The proof is almost the same as that of Lemma 3.7 in [22], where we
estimated

1 1
da. O
\/t+a/0 Vi—a—a(l +a)k “
By Lemma 4.6, we obtain
( CMP

> 4),

Vd+t+a)(l+t-a) (p>4)

CMPIn(2+t—-a

( ) (0 =4),

<y VTtrira(+ti-a)
CMP <3+\/_< <4)

L V1+t+a(l +t—a)e-3/2 2
Thus,

Vi+t+a(l+t—a)m

(b) m=k -4 and p(k —3) < 1. Applying Lemmas 4.3 and 4.6 to (4.31),
by (4.25)and £ <1/2+1/p <1, we obtain

II, < S 1 d
(435) '=Viralto Vica—a(l+apk2-e
' cM?

< .
T Vi+t+a(l+t—a)k-l2
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II, . From (4.13),
(4.36)

II, < CM?

t—a

B 1

1
0o +t+a+B(1+ p)p/2-1 /_,g Vi—a—a(l +|al)rm—¢

dadp

cmr [-@ 1 b 1
<
“Vt+aly (1+/3)P/2-'/0 f—a-—a(l +a)ypm=¢ dadp
CMr [=@ 1 k 1
+ — / -dadp.
Vitaly (+p¥p2-t Jy Vi—a+a(l +a)pm—t
(@ m=1%,(p-3)/2,or m=k -} and p(k - })> 1. Using Lemma 4.6,

(4.17), (4.=18), and (4.19),

CMP t—a 1
I, < d
2_\/(1'|'1+a)(1+t—-a)/0 (14 p)p/2-1 B
( CM?P

V+i+a)(l+t-a) p>4),
< CMPIn(2+t-a) (=4,

Vl+t+a)(l+t-a)
CMP (3+2\/ﬁ<p<4)'

[ Vitt+a(l+t—a)p-32
Thus,

CMPIn(2+t-a)
Vitt+a(l+t—aym’

(b) m=k—1 and p(k —1) < 1. We use Lemma 4.6 to obtain by (4.25)
and k<1/2+1/p<1,

(4.37) I, <

CcCMP /-t—a 1
I, < L,
P2V +t+a(i+t-a)Jo (1+ppk2e B
- CM?
T Vi+t+a(l +t—a)k-1/2"

II3. To estimate II3, we distinguish two cases.
() t>2a,0r 2a>t>a and a<1. From (4.13),

t—a 1

da/oo I dp
a—t Vt—a—a(l +|af)pm=¢ t-a m(l + p)p/2-1 '

We can easily derive

(4.38)

II; < CM?P

* 1 C 1
(4.39) L mdas(_l--}-—a)k__l/z fork>§anda,b20.
Hence,
(4.40)

II; < cMP /t_a( ! + ! ) ! da
P+ r-a)e I T—a-a Ji—ata)(d+apme
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(@ m=%,(p-3)/2,or m=k—1% and p(k-1)>1. By Lemma 4.6,
CM?
(1+t—a)p-2/2°
t—a>(t+a)/3,if t>2a. Thus,
p p
I < CM < CM .
Vi+t+a(l+t—-a)p=32 7 J1+t+a(l+t—a)m
On the other hand, since the right-hand side of (4.41) is bounded, also for
2a>t>a and a <1, (4.42) holds.
(b) m=k -4 and p(k — %) <1. By Lemma 4.6, as above
CM?P CM?
II3 S ! S .
(I+t—a)pk=2=¢" = JT+1+a(l +1t - a)k-1/2

(i) 2a>t>a and a> 1. From (4.12),

(4.41) II; <

(4.42)

(4.43)

CMP (174 1 > In2+p)
< S [ e e e 4
CMP t—a 1 00 1
* \/E a-t Vi—a-— a(l + |a|)pm—e’ da /t—a (1 + B)(p—l)/Z dﬂ
CM?In(2+t - a) /‘-a 1
4.44 < L
(449 S VIittt+a(l+t—a)e-32 Jy (1 +a)pm=¢ de

+ CMP
Vi+t+a(l+1t—a)e-3/2

x/t—a( ! + ! ) ! da
0 Vi—a—-a Vi—-a+a) (l+a)pm=—e """

(@ m=%,(p-3)/2,or m=k -1 and p(k—1)> 1. Using Lemma 4.6,
L<_ CMInQ2+t-a) CMP
= Trtra(l+t—ae32 " Vixita(l+i-a)e-2P
< CMPIn(2+t-a)
“Vit+t+a(l+t—am’
(b) m=k—1 and p(k—1)<1. As above
< CMPIn(2 + ¢ - a) . cM?
PV THita(l+t—apks2< " JTxita(l+1—apk—2-¢
< CMPIn(2+t—a)
“Vi+t+a(l +t—a)k-12’

II4 . As before, we divide into two cases.
(i) t>2a,0r 2a>t>a and a<1. By (4.13) and (4.39),
(4.47)

a—t
II, < CM"/

(4.45)

(4.46)

1 © 1
Vi—a—-a(l + |a|)pm—¢ /_a Vi+a+ B(1+ B/t

! do.

dfda

lo o]
<CM? /
B —a VI—a+ a(l + a)pm+(p=3)/2-¢
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We can choose &' such that pm + (p — 3)/2—¢ > m+ 1. Hence, also using
(4.39), we have

CMP

G <—.
Ls =g

t—a>(t+a)/3,if t >2a. Thus, we obtain

P
(4.48) I < M .
Vi+t+a(l+t—am

Also for 2a>t>a and a <1, (4.48) holds.
(i) 2a>t>a and a> 1. From (4.12),

i, < CM? [ 1 /°° In(2 + B)

va J_o (T+]a)pm=¢ J_, (1+ B)e-D72 dBda

L oM ! /w L dpde
w49 Va ) Vma=att+lale |, W Be7

< CMmP e 1 da
“Vi+t+ali—a (1 + a)pm+(p—3)/2—e’—c"
CMP /°° 1 do
Vitt+ali_oaVi—a+a(l+a)pmp-3)/2-¢ """

We can choose ¢, ¢’ such that pm+ (p —3)/2—¢' —¢”" > m+ 1. Hence,
using (4.39), we obtain

IL < CMmP + CMP
4_\/1+t+a(l+t—a)'” Vi+t+a(l+t—a)mt1/2
(4.50) CM?

< .
T Vit+t+a(l+t-a)m

Case2. a > |t| and t > 0. As in Case 1, changing variables by (4.14), the
domains of integration D’ and D" go correspondingly to Dj U D; U D3 and
Dy 5, where Dy, Dy, Dy, D, 5 denote the sets

Di={(a,p):a-t<a<t+a, a-t<f<a},

Dy={(a,p)ia~t<a<t+a, a< B},

Dy={(a,B):t-a<a<a-t, a—t< B},
wg={la,p):a<t—a, —a<p}.

These sets are shown in Figure 2.

We denote the integrals in (4.9)-(4.11) over the domains Dj, D;, D5 by
I, I, I3 respectively.

I, . From (4.10),

I dfda.

CMp t+a 1 /a 1
a—t (1+ B)pm=¢

<
"2 Va Joo (THa)-DR
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B
” ’ ’ /
o,p D3 DZ /
a—t D}
N /7
: \ / 1
+ o
t—a (0] a—t t+a
FIGURE 2

(@ m=1%,(-3)/2,o0r m=k -1 and p(k—1)>1. By Lemma 4.5,
CMp t+a 1
'S TE o Trae 7
< CM?P
S Vitt+a(l+a-1)w-d2
< CM?
“Vi+t+a(l+a-tm’
(b)y m=k—-4% and plk-1)<1.
Il S CMp t+a 1 ’
Va Jao; (1+a)pk=3/2-¢
By Lemma 4.5 and (4.25),

I da

(4.51)

do.

I, < cMP i
S Vi+t+a(l+a—t)k-12
I,. From (4.9) and (4.10),
L < CMp [i+a 1 © In(2 + B)
T Va g (L+a)pm= [, (14 )=/

(4.52)

dpfda

CMp t+a 1 0o 1
Vi |, Ve |, arpem e
This estimate is exactly of the same type as (4.26). Therefore, we obtain
I, < cmP .
“Vi+t+a(l+a-nm

I5. We proceed as II3 in Case 1.
(i) a>2t,or 2t>a>t and t<1. By (4.11) and (4.39), we have

(4.53)

a—t 1

© 1
d/ d
o Va—tta(l+la)rme "), Jitar B+ B/

I; < CMP

< CM? /a_t( 1 + 1 ) 1 do
T (1+a-ne=3/2 j, Va—t+a va-t—a) (1+a)pm—e """
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The last estimate is the same as (4.40). Therefore,

I3 < e .
Vi+t+a(l+a-t)m

(i) 2t>a>t and t > 1. From (4.9) and (4.10),

(4.54)

cMp et 1 © _In(2+p)
B=UF ), Tae /a_,(1+ﬂ)<v-l)/2 b
CMp a—t 1 o'} 1
T Va Jia Vata-i(i+lapm d"/a-,<1+ﬂ><p—'>/2dﬂ

da

< CMPIn(2+a-1) /”" 1
S VI+t+a(l+a-ne-32J,  (1+ajpm=e
N CMP
Vitita(l+a—-1)o-In

S (e ) e
0 Vata-t Va-a-t) (1+apm=e """

The last estimate is the same as (4.44). Therefore,
L < CMPIn(2+a-1t)
= VT+tral+a-nm’

II. We proceed as II4 in Case 1.
(i) a>2t,or 2t >a>t and t < 1. From (4.13) and (4.39),
(4.56)

n<cm?

(4.55)

t—a 1 /oo 1
oo Vi—a—a(l+]apm= |, \Jixa+ (1 + B/

= 1
SCM? | Jmara do.
B /a-t t—a+a(l +a)pmtp=-3)/2-¢ @

The last estimate is similar to (4.47). Using that

dfda

< 1 C 1
. _  da< ————— ol
(4.57) /a \/m(1+a)kda"(l+a)k—1/2 fork>2anda2b20
and proceeding as in (4.47), (4.48), we obtain
p
(4.58) M

Im< .
“Vi+t+a(l+a-nm

(i) 2t>a>t and t> 1. From (4.12),

CMP t—a 1 00 ln(2+ﬂ)
<
H_ \/6 o (1+la|)pm_8' /_a (1+B)(p_l)/2 dﬁda
CcMP I-a 1 . 1
dpd
+ Va J_o Vi—a—a(l + |a])pm—¢ /_a 1+ g)P-D72 Bda
CMP oo 1
s ——da
VIiti+alo (1 +a)pmtp-3)/2-¢-¢
+ CM? /00 1 "
Viti+aldoiVi—a+a(l +a)pm+e=-3/2-¢ """
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FIGURE 3

The last estimate is similar to (4.49). Proceeding as in (4.49), (4.50), we use
(4.57) to obtain
CM?
4.59 < .
( ) “Vit+t+a(l+a-)m
Case 3. a > |t| and t < 0. As before, changing variables by (4.14), the
domains of integration D’ and D” go correspondingly to D(’,’ 8 and D) B>
where D, , and D; , are pictured in Figure 3.
I. From (4.11) and by (4.39), we have
t+a 0o
1 do 1
t-a Va—t+a(l+|a)pm= """ Jo \Jt+a+ B(1+ B)p/2-!
CMp t+a 1
< / da
(I+a-1)e=-32\ J, Va-t+a(l+a)pm-:

+/H ! d
o Vva—t—a(l +a)pm—¢ “

CMP a+l| 1 1 1
< = / + — da.
(1+a+t)e=372 Jy Vatlti+a a+l|f—-a) (1+a)pm=e
The last estimate is the same as (4.40). Therefore,
CcMmP CcMmP

< < .
T +a+ )2 T Tra+ (1 +a— |t )™
II. From (4.13) and (4.39),

I<CM? dp

(4.60) I

t—a 1

e 1
—o VE—a—a(l + |a|)pm-¢ /_a Vi+a+ B(1+ p)p/2-1

(o ¢]
1
<CM? d
B i Vi=ata(l +apmre--e 1%

o0
1
= CMP/ d .
atlt] Va—a— |t](1 + a)pm+p-3/2-¢ a
Using (4.57), we obtain
CM? CMP

II<CM?P dBda

(4.61) <

< .
T (I+a+ )2 T Tra+t(1+a— |t )™
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N I
N
Y
'\
a t+a |0

t

FIGURE 4

Case 4. |t| > a and t < 0. As before, changing variables by (4.14), the
domains of integration D' and D" goto D p and Dy , respectively, where
D, 4 and Dy , are shown in Figure 4.

I. Proceediflg as part I of Case 3, we use (4.57) to obtain
(4.62)

I<CMP

t+a 1 oo 1
-da
t-a Va—t+a(l +|af)pm=e a—t VE+a+ B(1+ p)p/2-1
CMP a+|t| 1 4
T+ a+1Me7 o Jat i =a(l +apm—s
< CMP
“VT+a+(l+]a-|thm

II. Using (4.57), we can estimate II in the same manner as II in Case 3.
Therefore,

dp

=

II< cM?
T Vita+ |l +la—-|t "’

This completes the proof of Lemma 4.1. 0O

(4.63)

The basic estimate for 0 < k < % is the following lemma which we can prove
in the same manner as Lemma 4.1.

Lemma 4.7. Assume that u(x, t) € C(R? x R) satisfies

__M_<1+1n£ﬂ+_a) (k_l)
Vi+tl+a L+t - af 2)°

(4.64) |u(x,t)| <

M 1
_ 0<k<3z],
(1+t) +a) < 2)
where a = |x|.
Let k> 2/(p—1). Then, there exists a constant C, ; depending only on p

and k, not on M such that

(4.65) |L|ulP(x, t)

C, (MP 1
< Bk <=].
< T irar (°<"—2>
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Remark 4.8. Note that if 0 < k < % and kK > 2/(p—1), then p > 5. Thus,
the proof of this lemma is easier than that of Lemma 4.1.

5. PROOF OF THEOREM 2.2
In this section, we prove Theorem 2.2 and Corollary 2.4.

Proof of part (1) of Theorem 2.2.
Part 1 (Proof of the existence). From (2.7), we have

|u(x,t)|§{“u”k O<k<i, I<k<l),
ulle  (k=13),
1ol = < ulfllvll,® foro<6<1,
and by Lemmas 4.1 and 4.7,
IL|ulPllx < Cp illully
IL{ul® 0] 1=0% | < C, llull? ol 7,

where C, ; a constant given in Lemmas 4.1 and 4.7.

We can verify easily that the linear space X, defined by (2.5) is complete
with respect to the norm (2.6) and (2.7).

We denote by X, the closed subset of X given by

Xo ={u € Xi : |ullx, <2BcCye},
where Cj is a constant in (3.1) and
Bk={ 1/In2  (k>1, L<k<1,
1 k=1, 0<k<3).
Then, it follows from Lemma 3.1 that
llug llx, < BiCue.
Hence, u; € Xo. Now we define the map T by
Tu=uy; +LF(u).
We can derive (see [7, 20])
ILF(u)llx < Cp kA(2BrCre)
ID;LF (w)llx < 2C, kA(2BCye)?,
ID:D;LF (u)llx < 5C, 1kA(2BiCre) ,
and
ITu - Tollk < Cp 1 ARBCre)’ ™ u—vllx, ,
IDj(Tu - Tv)|lx <2C, xA2BiCre)’ lu—vllx, ,
ID;D;j(Tu — Tv)|lx < 5C, kA(2BiCre)’ ™ ||lu - vl|x,

for u,v e Xo,where D; =0/0x; (j=1,2).
We see that

|Tu|lx, < BrCie+ 20Cp,kl(ZBkas)" < 2B, Cie,
ITu - Tv|lx, < 20C, kA(2BcCie)~lu —vlix, < 3llu—vlx,
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for u, v € Xy, provided
(5.1) 20Cp,,(/12"’(Bkcke)"‘l <lI.

Thus, if we choose ¢ > 0 so small that (5.1) holds, then 7 is a contraction
of X, into itself, and so T admits a unique fixed point # € X;, which satisfies

(2.4).
Part 2 (Proof of (2.8)). To prove (2.8), as is well known we have only to
show that
! C
52 [ WP ds < g =0 (1= o),

where [ is given by (2.9).

We split the integral in (5.2) into five parts, following Pecher [16] and use
the decay estimate of u from u € X, .

First we shall prove (5.2) for k > 1.

(D)

1/2

t
/ (/ |F(u(x,s))|2dx) ds
—oo [x|<]sl/2
. | 12
. C/_oo (1 + |s|ptm+1/2)=e </|x|s|s|/z dx) as

! 1
< C/_oo (1 + [s)Pomr1/2-1=2 ds
< L < ¢
T (1 + [e])pim+1/D=2=¢" = (1 4 [¢])m
We have used (4.17), (4.18), and (4.25) in the last inequality.
(2)

t 1/2
/ (/ |HwnnW¢Q ds
=00 Isl/2< x| <Is|—1
Is|-1 ’ 1/2
C/ I+ |S| p/2 (/|s|/2 (1 +|r —|s||)2pm—2¢ dr) ds

|S|l/2 s|—1 1 4 12 4
C/ T+ s Aw T+ —rm—2 @7 45

We need to consider two cases.
(@) m=1, (p-3)/2,0or m=k -} and 2p(k — 3) > 1. Using (4.17),
(4.18) and (4.19),

1 C C
Iscﬁwu+mwmﬂ“su+mw4wsu+mw
(b) m=k -1 and 2p(k - 1)< 1. By (4.25),

C

< .
ISC[WO+MWH“—U+MV
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(3)
. 12
/ ( / \F(u(x, s))|2a'x) ds
—oo \J|s|=1<]x|<|s|+1

12
C/ / dx ds
+|S|)"/2 ( Isl=1<x|<]s|+1 )

C
_  _ds< —=
< C/_w 1+ |s|)<iv-'>/2 < Trmm

(4) The integral over |s|+1 < |x| < 2|s| can be estimated in the same manner
as that in (2).

(5)
t 1/2
/ (/ |F(u(x, 5)) dx) ds
—00 |x[>2]s|
! 1 1/2
: C/—w /lezzm (1 + |x|)2p(m+1/2)-2¢’ dx| ds

1/2
r

1 C
: C/.oo (1 + |s|)pim+t/2)=1=e ds (L+ e

Similarly, we can prove (5.2) for 0 <k < 1.
Proof of part (ii) of Theorem 2.2. We define

F(u(y, s))
ut(x,t)=u(x,t / / dyds.
00, ) =ulx, 1) - posiomt VS -2 —x— 3P
Then, clearly u} is a C?-solution of (2.2) and as before, we can show that

W0 = Ol < Ty =0 (= +o0).

This completes the proof of Theorem 2.2. O
Proof of Corollary 2.4. From (2.12), (H1), and the decay estimate of u,
/ G(u(t))dx‘ <cC / P+ (£) dx
R2 R?
1
<
=€ e T+ X+ e + 1] = preen=e 4
o0 r
dr

(5.3)

<

= C/o (T+7+ )@+
C

L ———

= T+ e

-0 (t = xo00),
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Similarly, if 0 <k <1,

(5.4) 0 (t = +o00).

G(u(t))dx‘ <

. T+F

We also have

(5.5) lug )12 = llug (DN, g (O)IZ = g ()17 -

Therefore, (2.11) follows from (2.8), (2.10), (5.3), (5.4), (5.5) and the energy
conservation law of (2.1):

SO+ [ Gumdx = 3z + [ Guishdx, tsek.

This completes the proof of Corollary 2.4. 0O
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Added in proof. Recently, K. Kubota and K. Mochizuki (On small data scatter-
ing for 2-dimensional semilinear wave equations, Hokkaido Math. J. 22 (1993),
79-97) have obtained independently a similar result using different methods
from ours. However our decay estimates of solutions of (2.1) are slightly sharper
than theirs.
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